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Abstract-The work presented here analyses theoretically a 

parallel flow type heat exchanger which is subjected to 

external heat leak, from the cold fluid side or from the hot 

fluid side. Efficiency-NTU relations are developed and the 

results obtained are presented graphically, reflecting the effect 

of heat capacity ratios and the heat leak on the efficiency of the 

heat exchanger. The graphs follow the similar pattern with 

increasing heat capacity ratios. Also, as the heat leak is 

increased, the graphs show opposite behavior when the 

minimum heat capacity is on the hot side to that when the 

minimum capacity is on the cold side. The derived expressions 

are reduced to the classical effectiveness-efficiency-NTU 

relations for the parallel flow type heat exchangers as the heat 

leak approaches zero. 
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I. INTRODUCTION

Heat exchangers are widely used in thermal systems. Owing 

to the depleting natural resources, the performance appraisal 

of a heat exchanger has always been a matter of research. 

Based on arithmetic mean temperature difference (AMTD), 

optimum heat transfer rate, Qopt, has been expressed as the 

product of overall heat transfer coefficient (U), area of the 

heat exchanger (A) and AMTD, leading to the introduction 

of heat exchanger efficiency as the ratio of the actual heat 

transfer rate to optimum heat transfer rate [1, 2]. Efficiency 

analysis has been further done for shell and tube heat 

exchangers, when the Number of Transfer Units (NTU) and 

the capacity ratio are known [3], also the work has been 

done for cross flow heat exchangers [4]. Minimization of 

entropy has been considered in heat exchanger analysis. The 

application of this method to heat exchanger was first 

proposed by McClintock [5]. Bejan [6] introduced a non-

dimensional parameter, the number of entropy generation 

units Ns, as a measure of heat exchanger irreversibility. 

Aceves-saborio et al., [7] extended the irreversibility 

minimization method by including a term to account for the 

energy of the heat exchanger material. 

Shah and Skiepko showed that the heat exchanger 

effectiveness can be maximum or minimum at the minimum 

irreversibility operating point, concluding that effectiveness  

is not a measure of heat exchanger irreversibility [8]. All the 

above analysis for effectiveness, efficiency and 

irreversibility has been done without taking into account the 

heat exchange between the heat exchanger and the 

environment. When working at low temperatures, like in 

cryogenics, the temperature difference between the fluid 

streams and the surrounding is significant, causing some 

heat transfer between the heat exchanger and the 

surroundings, leading to poor performance of the heat 

exchanger. Work has been carried out on finite time 

thermodynamic considering the heat resistance losses in the 

hot and cold side heat exchangers [9]. Chowdhury and 

Sarangi [10] analyzed counter flow heat exchanger by 

considering the cold side having the minimum capacity and 

subjected to heat leak. Barron [11] presented the work when 

there is heat leak either in the hot side or the cold side of the 

counter flow heat exchanger. Effectiveness-NTU relations 

have been derived for parallel flow heat exchangers with 

heat leakage [12]. 

The work presented here aims to solve analytically the 

efficiency-NTU relation for a parallel flow type heat 

exchanger subjected to heat leak from outside. Efficiency of 

the heat exchanger based on optimum heat transfer has been 

derived in terms of effectiveness and NTU, simultaneously 

incorporating the heat leak in the hot fluid and cold fluid 

side. Further, the mathematical model is developed by 

considering hot fluid side having the minimum heat 

capacity and cold fluid side having the minimum heat 

capacity respectively. To give the better idea of the heat 

exchanger performance, the results are presented 

graphically by varying the heat capacity ratios. The 

equations and relationships developed in the present work 

provide an overview to design a heat exchanger when it 

meets a significant heat leakage. 

II. ANALYTICAL SOLUTION

Consider a parallel flow heat exchanger with heat leak from 

both, the hot fluid side and cold fluid side, as shown in 

figure1 and figure 2. 
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Fig. 1 Heat Transfer in Hot Side of the Parallel Flow Heat Exchanger 

 

 
 

 Fig.2 Heat Transfer in Cold Side of the Parallel Flow Heat Exchanger   
 

In the above figures,    
 and    

  are the heat leaks in the hot 

fluid side and cold fluid side respectively.    and    are the 

heat capacities of hot fluid and cold fluid,    
and    

 are the 

inlet and outlet temperatures of hot fluid,     and    are the 

inlet and outlet temperatures of the cold fluid.    is the heat 

transferred to the cold fluid by the hot fluid. 

 

The energy balance on both the hot and cold fluid gives, 

respectively as, 
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Heat exchanger efficiency (η) is defined as the ratio of the 

actual rate of heat transfer in the heat exchanger (Qact) to the 

optimum rate of heat transfer (Qopt) [2],  
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Using Eq (1) and Eq (2),the efficiency on the hot side 
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Where     is optimum heat transfer rate and can be written 

as: 
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Using Eq (1) and Eq (2), one can get, 
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On simplification, Eq (6) can be written as 
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Substituting Eq (7) in Eq (4), one can get efficiency on hot 

side (  ) as, 
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Combining Eq (1) and Eq (8), the efficiency      is 

obtained as, 
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Considering hot fluid having the minimum heat capacity, 

i.e.,       , the actual effectiveness when the hot fluid is 

having minimum heat capacity     
  , will become 
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Using Eq (9) and Eq (10), one can get the efficiency     as 
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where Maximum heat transfer rate     
    (   

     ) 

On simplifying Eq (11), one can obtain 
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where Rh is the heat capacity ratio when  the hot fluid is 

having minimum heat capacity , NTUh is the number of 

transfer units when  the hot fluid is having minimum heat 

capacity. 

 

Considering cold fluid having the minimum heat capacity, 

i.e.,       , the actual effectiveness when  the cold fluid 

is having minimum heat capacity      
  , will become 
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Using Eq (12) and Eq (13), one can get the efficiency on the 

cold side      as 
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where maximum heat transfer rate on cold side, 
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On simplifying Eq(14), one can obtain  
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Where Rc is the heat capacity ratio when the cold fluid is 

having minimum heat capacity, NTUc is the number of 

transfer units when the cold fluid is having minimum heat 

capacity. 

 

Different cases can be derived from Eq (12) and Eq (15) as 

shown in table I.     

 
TABLE I DIFFERENT CASES DERIVED FROM EQ (12) AND EQ (15) 
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III. RESULTS AND DISCUSSIONS 

 

The variations of efficiency with NTU have been presented 

in figures 3 to 14, for different heat capacity ratios, in the 

presence of external heat leak. Figures 3 to 6 represent the 

cases when the heat capacity ratio (R) is 0.25.When the 

minimum heat capacity is on the hot side        ), the 

efficiency increases with the increase in the heat leak, the 

heat leak being either on the hot side or on the cold side, as 

shown in fig. 3 and fig. 6. On the other hand the efficiency 

has a decreasing trend with the increase in the heat leak, 

when the minimum heat capacity is on the cold side, the 

heat leak being either on the hot side or on the cold side as 

shown in fig. 4 and fig. 5 

 

This behavior can be explained in the vicinity of energy 

balance on hot fluid side and cold fluid side, in the presence 

of heat leak. When the heat leak is in the cold side, the 

energy balance on the cold side from Eq (2) is given as, 

 

        (        )    
  

 

2 3 4 5 6 7 8

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

 Heat leak in the cold side

Minimum capacity cold side

 Q
c

l
 / Q

max
=0.0

 Q
c

l
 / Q

max
=0.05

 Q
c

l
 / Q

max
=0.1

 Q
c

l
 / Q

max
=0.15

 Q
c

l
 / Q

max
=0.2


 c

NTU
c  

Fig. 3 Efficiency as a function of NTU for various values of  

dimensionless heat leak (Rc =0.25,    
 = 0.6) 

2 3 4 5 6 7 8

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

 Q
c

l
 / Q

max
=0.0

 Q
c

l
 / Q

max
=0.05

 Q
c

l
 / Q

max
=0.1

 Q
c

l
 / Q

max
=0.15

 Q
c

l
 / Q

max
=0.2

 Heat leak in the cold side

Minimum capacity hot side


h

NTU
h  

Fig.4 Efficiency as a function of NTU for various values of  

dimensionless heat leak (Rh =0.25,     
 = 0.6) 
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Fig.5 Efficiency as a function of NTU for various values of  

dimensionless heat leak ( Rh =0.25,     
 = 0.6) 
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Fig.6 Efficiency as a function of NTU for various values of  

dimensionless heat leak (Rc =0.25,    
 = 0.6) 

 

With increase in the heat leak, the difference of outlet 

temperature of cold fluid and inlet temperature of cold fluid 

          should increase in order to satisfy the energy 

balance as depicted in above equation. As the inlet 

temperature of the cold fluid        is constant, outlet 

temperature of the cold fluid       must increase to satisfy 

the above condition. As    
increases, the efficiency     will 

also increase consequently when the minimum capacity is 

on the cold side. This behavior can also be seen from Eq (4) 

and same has been exhibited in figure 3. 

 

Furthermore, the increase in outlet temperature of cold fluid 

       will cause the outlet temperature of the hot fluid 

    
  to increase thus reducing the difference of the inlet 

temperature of hot fluid and outlet temperature of hot fluid, 

(   
–    

). Hence the efficiency      will decrease with 

increase in the heat leak in the cold side when the minimum 

capacity is on the hot side. The same has been exhibited in 

fig. 4. 
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Fig. 7 Efficiency as a function of NTU for various values of  

dimensionless heat leak (Rc= 0.50,     
 = 0.6) 
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Fig. 8 Efficiency as a function of NTU for various values of  

dimensionless heat leak ( Rh=0.50,      
 = 0.6) 
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Fig. 9 Efficiency as a function of NTU for various values of  

dimensionless heat leak (Rh=0.50,      
 = 0.6) 

2 3 4 5 6 7 8

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

0.55

0.60

0.65

  Heat leak in the hot side

 Minimum capacity cold side

 Q
h

l
 / Q

max
=0.0

 Q
h

l
 / Q

max
=0.05

 Q
h

l
 / Q

max
=0.1

 Q
h

l
 / Q

max
=0.15

 Q
h

l
 / Q

max
=0.2


 c

 NTU
c  

Fig. 10 Efficiency as a function of NTU for various values of 

dimensionless heat leak (Rc= 0.50,     
 = 0.6) 

 

Similarly, when the heat leak is in the hot side, the energy 

balance on the hot side from Eq (2) is given as, 

   (   
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With increase in the heat leak, the difference of inlet 

temperature of the hot fluid and outlet temperature of the 

hot fluid (   
     

) should decrease in order to satisfy the 

energy balance as depicted in Eq (2). As the inlet 

temperature of the hot fluid      
  is constant, outlet 

temperature of the hot fluid     
  must increase to satisfy 

the above condition. As    
increases, the efficiency      

must decrease with the increase in the heat leak, when the 

minimum capacity is on the hot side as exhibited in figure 5. 

 

The increase in outlet temperature of the hot fluid     
   

will cause the outlet temperature of the cold fluid       to 

increase thus increasing the difference of the outlet 

temperature of cold fluid and inlet temperature of cold 

fluid,         
 . Hence the efficiency      will increase 

with the increase in the heat leak on the hot side, when the 

minimum capacity is on the cold side, figure 6. The same 

reasons are valid for figures 7 to 14 for different heat 

capacity ratios. 

 

Also, it is observed that, higher the values of NTU, i.e., with 

increasing size of the heat exchanger, there is a continuous 

decrease in the efficiency for all the four cases when the 

heat exchanger is subjected to heat leak. The decline is 

sharp when the values of NTU are on the lower side and for 

the higher values of NTU, the decline is gradual.     

 

As the value of R is increased, the efficiency has an 

increasing trend for all the four cases discussed for figure 1. 

Also, the results have been obtained for heat capacity ratio 

to be zero, for different values of heat leak parameter, as 

shown in fig. 15 and fig. 16..  When heat leak and heat 

capacity ratio are zero, the efficiency equations for both hot 

and cold fluid sides are reduced to classical effectiveness-

efficiency-NTU relationship. 
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Fig. 11 Efficiency as a function of NTU for various values of 

dimensionless heat leak (Rc= 1.0,     
 = 0.6) 
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Fig. 12 Efficiency as a function of NTU for various values of 

dimensionless heat leak ( Rh=1.0,      
 = 0.6) 
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Fig. 13 Efficiency as a function of NTU for various values of 

dimensionless heat leak ( Rh=1.0,      
 = 0.6) 
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Fig. 14 Efficiency as a function of NTU for various values of 

dimensionless heat leak (Rc= 1.0,     
 = 0.6) 
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Fig. 15 Efficiency as a function of NTU for various values of 

dimensionless heat leak ( Rh=0,     
 =0.6) 
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Fig. 16 Efficiency as a function of NTU for various values of 

dimensionless heat leak (Rc=0,     
 =0.6)  
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IV CONCLUSION 

 

The analytical solution of the efficiency-NTU relations for 

the parallel flow heat exchanger, subjected to uniform 

external heat, has been discussed in the paper. The heat leak 

is being either in the cold fluid side or in the hot fluid side. 

The solutions given and the graphs so obtained can be used 

for wide varieties of application. The analytical solutions so 

obtained can also be used for non-uniform heat leak. For 

this the heat exchanger has to be fragmented and the 

analysis has to be performed on each segment of the heat 

exchanger. 

 
Appendix: Nomenclature 

 

A  heat transfer surface area, m2 

AMTD arithmetic mean temperature difference, 
o
C 

C  heat capacity, W/K 

LMTD log mean temperature difference, 
o
C 

NTU  number of transfer units 

Q  heat transfer rate, W 

R heat capacity ratio 

T  temperature, 
o
C 

U  overall heat transfer coefficient, W/m2 K 

Greek Symbols 

ε effectiveness 

η efficiency 

Subscripts 
act actual 

c cold side 

h hot side 

hx pertaining to heat exchange between hot fluid and 

cold fluid 

i inlet 

l pertaining to heat leak  

max maximum 

min minimum 

o outlet 

 

Superscripts 

c cold side 

h hot side 
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