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Abstract -Fuzzy sets originally introduced Zadeh. Using
Concept of fuzzy sets, various theories regarding giving new
concepts of fuzzy metric spaces were considered by various
authors. After that, many authors have studied fixed point
theory in such spaces and proved various fixed point theorems
in such spaces. In 1975, Kramosilet al. have introduced the
concept of fuzzy metric spaces. In this paper, using concept of
fuzzy metric space given by Kramosil et al., we prove common
fixed point theorems for weakly compatible mappings
satisfying strict contractive condition in fuzzy metric spaces by
using property (E.A). Our proved results generalize known
fixed point theorems in literature. We prove two common fixed
point theorems in this paper, one for four maps and other one
for two maps. Mathematics subject classification: 54E40,
54E35, 54H25.
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1. INTRODUCTION

In 1986, Jungck [2] introduced the concept of Compatible
mapping and proved some common fixed point theorems of
compatible mappings in metric space. In 1997, Pant et al [7]
gave two common fixed point theorems of non-compatible
mappings under strict contractive conditions by using the
notion of R-Weak commutativety. By using this property,
some common fixed point theorems under strict contractive
conditions in metric spaces have been given.

The notion of fuzzy sets was introduced by Zadeh. Various
concepts of fuzzy metric spaces were considered by various
authors in [1-10]. Many authors have studied fixed point
theory in fuzzy metric spaces. The authors [1-10] have
proved fixed point theorems in fuzzy (probabilistic) metric
spaces. Kramosilet al. (1975) have introduced the concept
of fuzzy metric spaces in different ways [1-10].

Il. PRELIMINARIES

The concept of triangular norms (t-norms) is originally
introduced by Menger in study of statistical metric spaces.

Definition 1[9] A binary operation *: [0,1]x[0,1] — [0,1]
is continuous t-norm if * satisfies the following conditions
1. *is commutative and associative;

2. *iscontinuous;

3. a*1l=aforallain[0,1];
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4, a * b<c * dwhenever a< c¢ and b<dfor all

a,b,c,d €[0,1].

Examples of t-norms are: a*b = min{a, b}, a*b = ab and
a*b = max{a+b-1,0}.

Kramosilet al. (1975)[3] introduced the concept of fuzzy
metric spaces as follows:

Definition 2[3] A 3-tuple (X, M,*)is said to be a fuzzy
metric space if Xis an arbitrary set, *is a continuous t-norm,
and M is fuzzy sets on X?x[0, o) satisfying the following
conditions for all X,Yy,z € X ands, t >0,

1. M(xy,0)=0;

2. M(xy,t)=1forallt>0ifandonlyifx=y;

3. My, t) =M(y, x, t);

4. M(X,y, ) * M(y, z, )X M(X, z, t +5);

5 M(x,Y,.): [0, ©)—[0,1] is left continuous.

Then (X, M,*) is called a fuzzy metric space on X. The

function M(x, vy, t) denote the degree of nearness between
xand y w.r.t.t respectively.

Remark 3[3] In fuzzy metric space (X, M,*), M(x,y, .) is
non-decreasing for all X,y € X .

Definition 4 [3] Let(X,M,*) be a fuzzy metric space.
Then a sequence {x,} in Xis said to be

(a) convergent to a point x € Xif, for all t >0,

lim,_, ,M(X,, X, t) = 1.

(b) Cauchy sequence if, for all t >0 and p >0,

limy_osM(Xnaps Xn, t) = 1.

Definition 5[3] A fuzzy metric space (X, M,*) is said to
be complete if and only if every Cauchy sequence in Xis
convergent.

Definition 6 [10] A pair of self-mappings (A, S) of a fuzzy
metric space (X, M ,*) s said to be commuting if
M(ASx ,SAx,t) =1 forall xeX.

Definition 7 [10] A pair of self-mappings (A, S) of a fuzzy
metric space (X, M,*)is said to be weakly commuting
ifM(ASx , SAx , t) > M(Ax, Sx, t) forall xe X and t >0.
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Definition 8[2] A pair of self-mappings (A, S) of a fuzzy
metric space (X,M,*) is said to be compatible if

lim,_,M(ASX,, SAX,, t) =1 for all t >0, whenever {x,} is a
sequence in X such that lim,_,Ax, = lim,_,..Sx, = ufor some
ueX.

Definition 9[2] Let (X, M,*)be a fuzzy metric space. A

and S be self-maps on X. A point xeX is called a
coincidence point of A and SiffAx = Sx. In this case, w = Ax
= Sx is called a point of coincidence of A and S.

Definition 10[2] A pair of self-mappings (A, S) of a fuzzy
metric space (X, M ,*)is said to be weakly compatible if

they commute at the coincidence points i.e., if Au = Su for
some u X , then ASu = SAu.lt is easy to see that two
compatible maps are weakly compatible but converse is not
true.

Definition 11[10] A pair of self-mappings (A, S) of a fuzzy
metric space (X, M,*) is said to be pointwiseR-weakly
commuting if given xe X, there exist R > 0 such that

M (ASx,SAx, t )2 M (Ax, SX,%J for allt >0.

Clearly, every pair of weakly commuting mappings is
pointwiseR-weakly commuting with R = 1.

Definition 12[7] Two mappingsA and S of a fuzzy metric
space (X, M,*)will be called reciprocally continuous if

ASu, — Az,SAu, — Sz, whenever {u,} is a sequence

such that Au, — z,Su, — Z for some ze X.
If A andS are both continuous, then they are obviously
reciprocally continuous but converse is not true.

Lemma 1 [3] Let {u,} is a sequence in a fuzzy metric space
(X, M,*). If there exists a constant h € (0,1) such that

M(u,,u,,ht)y>M(u, ,,u,,t),n=123, ..
Then {u,} is a Cauchy sequence in X.

Definition 13Let A and S be mappings from a fuzzy metric
space (X, M,*) into itself. Then the mappings are said to be
weak compatible if they commute at their coincidence point,
that is Ax=Sx implies thatASx=SAXx.

Definition 14Let A and B be two self-mappings of a fuzzy
metric space (X, M, *). We say that A and B satisfy the
property (E-A), if there exists a sequence {x,} such
that lim M (Ax,, u, t) = nllrgM(an, u, t) = 1 for same ue X

n—oo

and t©>0.

Example 1

t
t+x—y|

Let X=R and M'(X, y, t) =
Let A and B be defined

for every x, yeX and t>0.

13

AXx = 2x+1, Bx = x+2, consider the sequence X, =

2, ...
Thus we have limM (Ax,,3,3,t) =

n—-oo

for every t>0.

141, n=1,
n

limM (Bx,,3,3,t) = 1
n—oo

Then A and B satisfying in the property (E-A).

In the next example we show that there are some mappings
that have not property (E-A).

Example 2

t

Let X=Rand M(x, y, 1) = - —

LetAx=x+1 and Bx=x+2, if sequence {x,} there exist such
that limM (Ax,,u,u,t) = limM (Bx,,u,u,t) =1 for
n—oo n—oo

some ueX.

Therefore limM (Ax,,u,u,t) = limM(x, + 1,u,u,t) =
n—oo n—oo

limM (x,,u—1,u—1,t) = 1 and

n—-oo

limM (Bx,,u,u,t) = limM (x, + 2,u,u,t) =
n—oo

n—oo
M (X,,u— 2,u— 2,t) = 1.We conclude that, x,—u-1 and
Xn—U-2, which is a contradiction. Hence A and B do not
satisfy the property (E-A).

for every x, ye X and t>0.

1. MAIN RESULTS

Let F be the set of all fuzzy set on X?*x(0, co)that is F = {f:
X?x(0, ©0)—[0,1]}.

Definition 1

Let f and geF. The algebraic sum f® g of f and g is defined
by
fx,y, ) ®g(x.y.t) =

Remarks 2

Sup min{f (x,y, 1), 9(x, ¥, )}

t1+ty=t

For every x, ye X and every t>0, we have

f(x, y, 2t) @ f(X, y, 2t) > min {f(X, y, 1), f(x, y, )} = f(x, y, t)
i) f(x, y, t) ® 1 > min {f(x, y, t- €), f(X, X,€)} = f(X,y,t-€)
Lettinge—0, we get f(x,y,t)®1 > f(x,y,1).

Throughout this section ®@ denotes a family of mappings
such that for each e ®@, ¢:[0,1]*-[0,1] is continuous and
increasing in each co-ordinate variable.Alsoy (t) = ¢ (t, t) >
t for every te[0,1].

Example 3

Let: [0,1]°—[0,1] be defined by ¢ (x, y) = min {x, y}.
Now, we prove our main result:

Theorem 4
Let A, B, S and T be mappings from a fuzzy metric space

(X, M, *) into itself satisfying the following conditions:
(3.1) A(X)<= T(X), B(X) = S(X)
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(3.2)
M (Ax, By, t)
2t 2t 2t
M (Sx, Ty, —) , M (AX, Sx, —) M (By, Ty, —) ,
> k k k
= ¢ 4t
M(AX Ty, k)@]\/[ (SX By, k)
for all x, yeX, t>0, pe®, and 0 < k< 2. Suppose that one of
the pairs (A, S) and(B, T) satisfies the property (E, A). (A,
S) and (B,T) are weakly compatible and one of A(X), B(X),

S(X) and T(X) is a complete subspace of X. Then A, B, S
and T have a unique common fixed point in X.

Proof: Suppose that the pair (B, T) satisfies the property (E-
A). Then, There exists a sequence {x,} in X such that
limM (Bx,,z,t) = llmM(Txn,z t) = 1 for some zeX

n—-oo

and all t>0. Therefore hmM(an,Txn,t) = 1since B(X) <
n—oo

S(X).
There exists a sequence {y,} in X such that Bx, = Sy,
hence limM (Sy,,zt) = 1.

n—oo

We prove that limM (Ay,, z t) = 1. Using (3.2) we have
n—oo
M (Ay,, Bx,,t) =
M (Syn Ty, =), M (Ayy, Syn 5 ) @M (Bxy, Txy, ),

M (Ay,, Tx, ) ®M (Sy,, Bx,, )}

M (Bxy, T, ), M (Ayy, Bxy, ) @ (Bx,, Txy, ),

(Ayn , Txy, )

)

©

(3.3
Since, lim inf M (Ayn,an, )

n—oo

(an,Txn, )

2t

> lim infmin{M(Ayn,an,i— e),M(an,Txn, e)}
n—-oo

2t
- limiZﬁth{Ayn,an.¥ - e}

n—oo
lettinge —0, in the above inequality, we get
lim inf M {Ay,, Bx,, =} ®M {Bx,, Tx,, =}

n—o

lim inf M (Ay,, Bx,, 2

n—-oo

Also, by Remark 3..2, )
lim inf M (Ayn, Txn,%) DM (Syn, an,%)
)1

n—-oo

lim inf M (Ay,, Tx,, ) ®

n—-oo

I\

liminf M (Ayn,TXn, ),

n—-oo

hence letting n—oo, in inequality (3.3), we get,
lim inf M (Ay,,z,t) = M ( lim infifAy,, z, t))
n—oo n—oo
= lim inf M (Ay,, Bx,, t)
n—oo

2t
>(p11m me(BX Tx,, k) lim mf{ (Ayn

2t
"k
lim inf{ (Ayn,Txn, ) }

n—o
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Jore (1 )

2t 2t
(1 lim inf M (Ayn,an, k) llm inf M (Ayn,Txn, k))

n—oo

2t 2t 2t
> <11m 1r1f]\/f(Ayrl Bx, ?) llm inf M (Ayrl Bx, ?) lim 1nf]\/l'(Ayn Tx,, k))

2t
M ( lim inf Ay, z, —),
n-—oo k

¢ o 2t
( lim inf Ay, z, —)

n—-oo k

2t
M ( lim inf Ay, Z,—) , M

n—-oo k

2t
M ( lim inf Ay, z, —)
n—oo k

n
(nlirg inf Ay, ,(E) t) -1,
Slmllarly,

lirg sup M (Ay,,zt) =
nl?mJ\/[(Ayn,Z, t)=1.
Xgume that S(X) is a closed subset of X. Then, There
exists ue X such that Su=z using (3.2), we get

M ( limi*$up Ay, z, t) =1, hence,
n—oo

M (Auy, Bx,, t)
2t 2t
> oM (Su, Txn,i),M(Au Su, k)@]\/[ (an,Txn, k)'

M (Au, Tx,, ) @M (Su, Bx,, T ))

M (Z Tx,, 2t

k
M (Au, Tx,, =) @M (7, Bx,, )
In addition, it is easy to verify that

lim inf M (Au Su, )@JV[ (an,TXn, ) >

n—-oo

M (Au,Su,2)>(25).

), (Au,z,2) @ (Bx,, Tx,, 2),

0 (3.4)

In fact, for all eln(O —) we have
2t
M(Au Su, k)@M (an,Txn, k)

2t
> min {]V[ (Au, Su,E

— e) , M (Bx,, Tx,, e)}
Since limBx, = limTx, = Su, the above inequality
n—oo n—-oo
implies that,

2t 2t
lim inf( (Au Su, k)@]\/[ (an,Txn, k)

n—oo
2t
>M (Au, Su,i - e))

Letting €—0, in the above inequality, we get (3.5). Also by
Remark (3.2), we get

4t 4t
lim inf{ M (Au, Txn,—> M (Su, an,—>
n—oo k k

4t
= lim inf M (Au Tx,, k) @1

n—-oo

> lim 1nfM(Au TX,, )

n—-oo
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2t
=M (Au, Z, ?)
So, letting n—oo, in inequality (3.4), we get

2t 2t
M(Auy,z,t) =@ (1,M(Au, Z,§),M<Au, Z,¥)>

= (M (Au, zZ, E) M (Au, Z, %),JV[ (Au, Z, %))

> (Auz, () t)> 1.
Hence, M (Au,z,t) = 1.
That is, Au= Su=z. Since, A(X)cT(X), There exists ve X s.t
z=Tv. Using (3.2), and Remark (3.2),
we have M (z, Bv,t) = M (Au, Bv, t)

> (M (Su, Tv, %))
M (Au,Su,2) @1 (By, Tv, 2t),
M (Au Tv, i) oM (Su, BV,%))
(1 10M (Bv,z,5),10M (7,B %))
( (Bv.z%), 2 (Bv,z2), M (2, By, %))

M(sz k)

IV

I\

>M (BV, Z, (E)n t)—) 1.
Hence z= Bv=Tv.
Since the pairs (A, S) and (B, T) are weakly compatible, we
obtain Az = Sz and Bz =Tz using the inequality (3.2), we
have
M (Az,z,t) = M (Az, By, t)
M(STZt)M<AS @M(BTZt)

 [Eem )Y (),

=¢ 4t
M (AZ Tv, k) M (SZ, BV'E)

=@<M(Az z, i) 191, ]V[(Az z, k)GrJM(AZ Zit))

> M(A Zt) M(A Zt) M(A Zt)
> 277), 277); 2,7,

> M (A Zt)
> Z,7, ”

> (az2,(2) t)> 1.
Then Az=Sz=1z.

Similarly, we can prove that z = Bz =Tz. Therefore z isa
common fixed pointof A,B,S and T.
Uniqueness:Uniqueness easily follows from (3.2).

Corollary 5

Let A andS be mappings from a fuzzy metric space (X,M, *)
into itself satisfying the following condition

1. AX) < S(X)

M (sx sy, %), M (AX, 5%, %)
®M (Ay, Sy, 2),
(Ax Sy, )@M (Sx Ay, )

2. M(Ax,Ay,t) = @

for all x, yeX, and t>0, Where 0<k< 2. Suppose that the pair
(A,S) satisfies the property (E-A), (AS) is weakly
compatible and one of A(X) and S(X) is a complete subspace
of X. Then A and S have a unique common fixed point in X.

IVV. CONCLUSION

We prove common fixed point theorems for weakly
compatible mappings satisfying strict contractive condition
in fuzzy metric spaces by using property (E.A). Our results
generalize many known fixed points results in various
spaces.
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